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Abstract 

In this note we compute the Poincare Series of almost stretched Gorenstein 
local rings. It turns out that it is rational. 



> 

in ! 1 Introduction. 

Let (R, n) be a regular local ring and k — R/n its residue field which we assume of 
characteristic zero. 

Given an ideal I C n 2 , a classical problem in Commutative Algebra is to study 
the Poincare series 

¥ A (z) :=£dim fc Torf(M)K 

i>0 

of the local ring (A = R/I, m = n/ J). This is the generating function of the sequence 
of Betti numbers of a minimal free resolution of k over A. 

Due to the classical conjecture of Serre, the main issue is concerning the ratio- 
nality of this series. We know by the example of Anick, see [2J, that this series 
can be non rational, but there are relatively few classes of local rings for which the 
question has been settled. See [3] for a detailed study of these and other relevant 
related problems in local algebra. 

Given a Cohen- Macaulay local ring A = Rj I, we say that A is stretched if there 
exists an artinian reduction B of A such that the square of its maximal ideal is a 
principal ideal. Instead, if the square of the maximal ideal of an artinian reduction 
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is minimally generated by two elements, we say that A is almost stretched. See 
[TT] . [9], [6] and [7] for papers concerning these notions. 

In [10] J. Sally computed the Poincare series of a stretched Cohen-Macaulay local 
rings and obtained, as a corollary, the rationality of the series. It follows that local 
Gorenstein rings of multiplicity at most five have rational Poincare series. 

In this paper we compute the Poincare series of an almost stretched Gorenstein 
local ring, thus exhibiting its rationality. Using this result, we can prove the ratio- 
nality of the Poincare series of any Gorenstein local rings of multiplicity at most 
seven. 

We are not developing new methods for the computation of the Betti numbers 
of the minimal A-free resolution of k; rather we show that the structure theorem 
we proved in [6] for Artinian almost stretched Gorenstein local rings is very much 
suitable to the computation of Torf(k, k). 

In the following, for a local ring (A, m, k := of dimension d, we denote by h 

the embedding codimension of A, namely the integer h := dim/^m/m 2 ) — d. Recall, 
see [TJ, that the multiplicity e of a Cohen-Macaulay local ring A of embedding 
codimension h satisfies the inequality e > h + 1. Further, in the extremal case 
e = h + 1, it is well known that V A (z) is rational. 

The main result of this paper is the following theorem. 



Theorem 1.1. Let A = R/I be an almost stretched Gorenstein local ring of dimen- 
sion d and embedding codimension h. Then 

(l + z) d 



1 — hz + z 2 



2 Proof of the Theorem 

The main ingredient of the proof of our result are the following classical "change of 
rings" theorems. The first one, see [12] , relates the Betti numbers of A with those 
of A/xA when a; is a non-zero divisor in the local ring A. 

a) Let x be a non-zero divisor in A. Then 



Pa(*) 



1 + z)F A/xA (z) xGm\m 2 
(1 - z 2 )F A/xA (z) x G m 2 . 



The second one, see [8], relates the Betti numbers of A with those of A/xA when 
x is a socle element. 

b) Let x G m \ m 2 be an element in the socle (0 : A m) of A. Then 



1 - z F A/xA {z) 



The third one, see [J], relates the Betti numbers of the Artinian Gorenstein local 
ring A with those of A modulo the socle. 

c) If (A, m) is an Artinian local Gorenstein ring, then 

FJz) - Fa /^ 



1 + Z 2 fA/(0:ra)(z)' 



We start now proving the Theorem. Let J := (ai, . . . , ad) be the ideal generated 
by a minimal reduction of m, such that A/ J is almost stretched and Gorenstein. 
Since {a\, . . . , a^} is a regular sequence on A, we have by a) 



) = {l + zf F A/J {z). 

Hence we may assume that (A = R/I,m = n/I) is an Artinian almost stretched 
Gorenstein local ring of embedding dimension h. In this case we proved in [6], Propo- 
sition 4.8, that we can find integers s > t+ 1 > 3 depending on the Hilbert function 
of A, a minimal system of generators {x\, . . . , x^} of the maximal ideal n of R and 
an element aGi? such that I is generated by the elements: 

{XlXj}j=3,...,h {%i%j}2<i<j<h ~ ^l}j=3,...,/l x\ — dX\X2 ~ x\ t+ , x\x2- 

Further xl s G A = R/I is the generator of the socle : m of A. Hence 

A/(0 : m) ~ R/(I + (x{)) = R/K 
where K is the ideal in R generated by 

{xi£j}j=3,...,/i {x i x j } 2 <i < j<h { ij} j m /, x\ - axix 2 - x{~ t+1 , x\x 2 , x{. 

Notice that by c) we have 



l + z^F A/(0:m) (z) l + z 2 ¥ R/K (z) 



so that we are left to compute the Poincare series of R/K. 

It is clear that 23, . . . ,Xh € m \ m 2 are elements in the socle of R/K. Hence we 
can use h — 2 times b) to get 

V R/ k(z) ~ ¥S/L(Z) 



l-(h-2)z¥ s/L (z) 



where S = R/ (23, . . . , Xh) is a two dimensional regular local ring with maximal ideal 
n = (x\, x 2 ) and L is the ideal 

L := [x\ — ax\X 2 — x{~ t+1 , x\x 2 , x{). 
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Now let V := [x\ — ax\%2 — a;* - * , x\x 2 )] in [7], Theorem 4.7 we proved that S/V 
is an almost stretched Artinian Gorenstein local ring with socle generated by x\. 
Hence, by using c), we get 



Finally, the ideal is generated by a regular sequence in n 2 so that, by a), we get 

P,(z)- {1 + Z)2 ~ 1 
By using this last equality gives Ps/l^) = fz^j an d thus from (j2J) we get 

= i^i- Finall y> b y © we 

and the conclusion follows. 

A consequence of the above Theorem is the rationality of the Poincare series of 
any Gorenstein local ring of multiplicity e < h + 4. 



Corollary 2.1. Let A be a Gorenstein local ring of dimension d, multiplicity e and 
embedding codimension h. Ife = h + l,h + 2,h + 3,h + A then Fa(z) is rational. 

Proof. We need only to consider the case h + 2<e<h + A. Since any Artinian 
reduction B of A is a Gorenstein local ring with the same multiplicity and the same 
embedding codimension, the possible Hilbert series of B are 

{i,M},{i,M,i},{i,M,i},{i,M,M}- 

This proves that A is either stretched or almost stretched. The conclusion follows 
by Sally's result and the above Theorem. □ 



Corollary 2.2. If A is a Gorenstein local ring of multiplicity at most seven, then 
Pa(-z) is rational. 

Proof. As before the possible Hilbert series of any artinian reduction B of A are 
{1,5,1}, {1,4, 1,1}, {1,3,2,1}, {1,3, 1,1,1}, 

{1,2, 3,1}, {1,2,2, 1,1}, {1,2, 1,1, 1,1}, {1,1, 1,1, 1,1,1}. 

But {1,2,3, 1} is not allowed because Gorenstein in codimension two implies com- 
plete intersection. In all the remaining cases A is either stretched or almost stretched 
and we get the conclusion. □ 
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Remark 1. B0gvad in [5] showed that there exist Artinian Gorenstein local rings 
of multiplicity 26 with non-rational Poincare series. 

Remark 2. The Hilbert function of an almost stretched Artinian Gorenstein local 
ring A has the following shape 



n 





1 


2 




t 


t+1 




s 


s+1 


H A (n) 


1 


h 


2 




2 


1 




1 






for integers s and t such that s > t + 1 > 3. On the contrary the Poincare series of 
A is independent from t and s. 

Remark 3. The Poincare series of stretched and almost stretched Gorenstein local 
rings with the same dimension and the same embedding dimension coincide, see [10] 
Theorem 2. 
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